Lecture 1
FUNCTIONS

FUNCTION
NOTATION IS
JUST A FANCY WAY
OF WRITING .




Dance lessons

for mathematicians
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Subtopics

Relations and Functions
Representation of Functions
New Function form Old Function
Inverse of Functions
Exponential Functions €
Logarithm Functions, log x



1.Relations and Functions

2.Representation of Functions
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Relations and Functions

» Definition-A function - a relation in which map

every element in the domain to an image in the
range.

* A function is 1-1 relation and many-1 relation
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Representation of Functions

1. Verbally ( by a description in words)
P(t) is the human population of the world of time

2. Numerically (by a table of values)

Year 1900 1920 1940 1960 1980, 2000

Population 1650 1860 2300 3040, 4450, 6080

(millions)




Representation of Functions

3. Visually ( by a graph)
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4. Algebraically ( by an explicit formula)

P(t) ~ f(t) = (0.008079266) - (1.013731)"

S
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Example 1:

Let A = {1, 2, 3, 4} and B = {set of integers}. Illustrate
the function f : x = x + 3.



Example 2:

Draw the graph of the function, f:x— x°,xeR
where R is the set of real numbers.

Solution
Assume the domainisx =-3,-2,-1,0, 1, 2, 3.
A table of values is constructed as follows:

X -3 -2 -1 0 1
)| 9 4 1 0 1 4 9

(N
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Type of Function and Their Graph

Linear Function

[ n i e

* Where a; and g,

are constant called the
coefficients of the linear
equation
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Type of Function and Their Graph

Polynomial

f(x) = apx™ +ap "7+ +ax° +agx' +ag

: e
Where n is a Quadratic f()=x7xeR

nonnegative integer
and the number are
constant @n.@n-1,*,8201,ag
called the coefficients
of the polynomial.
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Type of Function and Their Graph

Power Function

f(x):x3;xeR

| | | | | |
| | | | | |
3 2 - 1 2 3

+ 1

+ -2

+ -3

flx)=x"

Where a is constant.




Type of Function and Their Graph

Exponential Function

flx)=a”* f(x)=e*:xeR

Where a is a positive constant.

I I I . . .
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Type of Function and Their Graph

Logarithm Function

f[I} = lﬂgﬂI

Where a is a positive constant.

f(x)=Inx;x €(0,0)

— =
1 /
f f f f
1 1 2 3 4 5
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Example 10:

Consider for what value of x are the following
function defined?

fix) = 2x-5

1
x—2

J(x)=



3. New Functions from Old
Function

1. TRANSFORMATIONS OF FUNCTIONS
>. COMBINATION OF FUNCTIONS
5. COMPOSITE FUNCTIONS




New Functions from Old Function

TRANSFORMATIONS OF FUNCTIONS

The graph of one function can be transform into the graph of a
different function rely on a function’s equation.

Vertical and horizontal shift

Letf be a function and ¢ a positive real number.

y=Ff(x)+c is the graph of y = f(x) shifted cunits vertically upward.

y=fi(x)-c is the graph of y= jf(x) shifted ¢ units vertically
downward.

y=f{x+c) is the graph of y = f(x) shifted to the left cunits.

y=flx-0) is the graph of ¥ = f(x) shifted to the right cunits.

18



TRANSFORMATIONS OF FUNCTIONS

Vertical and horizontal shift

v=flx-c)

19
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Example 3:

Use the graph of f(x)=[x| to obtain the graph of

g(x)= |x| —4



Example 4:

Use the graph of f(x)=x to obtain the graph of

g(x) =(x+2)’



TRANSFORMATIONS OF FUNCTIONS

Vertical and horizontal shift

v=flx-c)

22




TRANSFORMATIONS OF FUNCTIONS

Vertical and Horizontal Reflecting and Stretching

y=-fx)
y=7(=)
y=¢f(x)

y=r6)

r=(Yre

y=Jlex)

Let fbe a function and ¢=>1.

is the graph of y = f(x) reflected about x-axis.
is the graph of y = f(x) reflected about j-axis.
is the graph of y= jf{(x)vertically stretched by

multiplying each of its y-coordinates by ¢
if 0 <c <1, is the graph of y = f(x) vertically shrunk by

multiplying each of its j~coordinates by ¢
is the graph of y= f(x)horizontally stretched by
multiplying each of its y-coordinates by ¢

is the graph of y = {(x) vertically compressed by

multiplying each of its y-coordinates by ¢
is the graph of y= f{(x)horizontally compressed by

multiplying each of its y-coordinates by

23



Example 5:

Use the graph of f(x)= Jx to obtain the graph of

g(x)=—x
h(x)=~/—x



Example 5:

Use the graph of f(x)= x* to obtain the graph of
2
g(x)=2x

T
) — ¢
(x) :



,/ OMBINATION OF FUNCTIONS - The algebra of
functions

Functions can be added, subtracted, multiplied and
divided in a many ways.

For example consider /(x¥)=x" and g(x) = 2x + 6.

f(x)+g(x) and g(x)+f(x)
f(x)-g(x) and g(x)-f(x)
f(x)/g(x) and g(x)/f(x)
f(x).g(x) and g(x).f(x)



COMPOSITE FUNCTIONS

Definition- Consider two functions f{x) and g(x).

We define fog=fg(x)=f[g(x)] meaning that the output
values of the function g are used as the input values for

the function f.

function

& fog ;

_—




Example 6:

oIf f(x)=3x+1 and g(x)=2-x , find as a function
of x

o

(b) g°f



COMPOSITE FUNCTIONS

Deterl.nme the (fe 9)(x) f(9 (x))

Domain of the :

Composite 9(x) = x—1 f(x) =

Functions ; first do *PPYy 1)
g(x} to 1'{:sult(nutput]
g(x) f(x)

subtract 1 Multiply by 2

f(g(5)) 5—— 4 ——>5 8
f(g(7)) 7— 6 ——> 12
f(g(3)) 3— 2 —>5 4

domain range of g(x) range of
g(x) domain of f(x) f(x)

29
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Example 7:

If f(x)=3x+! and g(x)=2-x ,find as a function
of x

(a) Findf ° g and determine its domain and range

(b) Find g° f and determine its domain and range

30



Properties for Graph of Functions

All forms of relations can be represented on
coordinates

To test if a graph displayed is a function, vertical lines
are drawn parallel to the y - axis.

The graph is a function if each vertical line drawn
through the domain cuts the graph at only one point.






The Inverse of Functions

If fis a function, the inverse is denoted by ™
Suppose y=f(x) then x= f = (v)

y=f(x)
9 _ 5
= = RO H0=82)
Y= 3= %x Since y could be any variable, we can rewrite f_1

as a function of x as

o 5
20 ) f)=5(6-32)

33
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Example 8:

* Find the inverse of :

x—3
f(x)= 5

34
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Graphical lllustration of an Inverse Function

x+3

Verify that the inverse of f(x)=2x-3is /~ (x)=

2

\

Figure above shows the graph of these two functions on the same pair axes.
The dotted line is the graph y=x. These graphs illustrate a general
relationship between the graph of a function and that of its inverse, namely

that one graph is the reflection of the other in the line y = x.
35
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Example 9:

Find the inverse of :

f(x):L+2,x¢1.
l1—x

State the domain of the inverse

37
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FUNCTION WITH NO INVERSE

An inverse function can only exist if the function is a
one-to-one function.

B

&

&

<

<

&
one to one many to one
has inverse no inverse

38
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Subtopics

Relations and Functions
Representation of Functions
New Function form Old Function

Inverse of Functions

Next week lecture:
Exponential Functions g¢*
Logarithm Functions, log x
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Chapter 1

FUNCTIONS AND GRAPHS

FUNCTION
NOTATION IS
JUST A FANCY WAY
OF WRITING .




/ Subtopics

Relations and Functions
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Representation of Functions
New Function form Old Function
Inverse of Functions

Exponential Functions e”*
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Logarithm Functions, log x y




5. Exponential Functions




- Definition: Exponential Functions

The exponential function fwith base g, is denoted by

f(x) =a”

wherea > 0,a # 1, and x is any real number
f(x)=¢e" (Natural Exponential Function)
e=2.71828 .



_ Evaluation: Exponen

The value of f(x) = 3* when x =2 1s
i =39
The value of f(x) = 3* when x = -2 1s

> L
o= =

The value of g(x) = 0.5*when x =4 1s

g(4)=0.5"=  0.0625



raph: Exponential Function

The Graph of Aix) =a*, a > 1

— e Horizontal
- Asymptote y=o0
Domain: (-o0, o)




/

Properties: Exponential Function

f(x)=a%a=1

f(x)=a* a=1

Domain: (— o0, 90)

Domain: (—o0, 90)

Range: (0, o0)

Range: (0, o0)

Intercept: (0, 1)

Intercept: (0, 1)

Increasing on: (—oo

Decreasingon: (—oo, o0)

>

x-axis is a horizontal asymptote

x-axis is a horizontal asymptote

continuous

continuous
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Example 1: Sketch the graph of f(x) = 2*.

x | fx) | (x, fix))

2| 7 | (2, 7) y

== | )

0 1 (0, 1) 4

L 2 (52 >

7 4 (2,4) X




Sketch the graph of g(x) = 2*— 1. State the domain
and range.

The graph of this X

function is a vertical

translation of the graph flx)=2* —1
of f{x) = 2*down one unit 4

2
Domain: (-o0, o) %

Range: (-1, o)



~Example 3:

The graph of this
function

1s a reflection the
graph of f(x) = 2*1n
the y-axis.

Domain: (—o0, o)

Range: (0, «)




*Rules: Exponential Functions

(All laws apply for any positive @, b, x, and y.)

x = bvis the same as y = logax

B =1 bl =b
blﬂgbx ="
(B = bY b* b = b
b _ ey b=
b b

C oo = ab
b* =" =(b)*




*Example 4:

Simplify and evaluate if possible

: (g



6. Logarithmic Functions

1 -:I' -




*Definition: Logarithmic Functions

Forx>0andO<a=#1,
y=log xifand only ifx=a.

The function given by f(x) = log_x 1s called the logarithmic
function with base a.

log, x=log x (Common log)
log. x =1In x (Natural log)
c=2.71828...




/Rﬁmship: Y

Graph f(x) = log x and f(x) = 2*

b¥) Vs (y = log) x)

) y=2* =
-
/

horizontal = ‘ y=log x
The logarithm function is asymptote y = o
the inverse of the
exponential function of the \ x-intercept
same base, - its graph is the X

reflection of the
exponential function in the
liney = x.

vertical asymptote
X=0



Relationship: (y = b*) Vs (y = logy x)

Every logarithmic equation has an equivalent exponential form:
y =log x is equivalentto x =a”

A logarithm is an exponent!

A logarithmic function 1s the inverse function of an exponential
function.

Exponential function: y = a*

Logarithmic function: y = log_x 1s equivalent to x = @¥



PExample5: 0

Exponential Form Logarithmic Form
23 log,8 =73
(1)* =16 log, 16 = —4
5 =5 log.5=1
(2) =1 log, 1=0

Logarithmic function: y = log x 1s equivalent to x = ¢



raph: Logarithmic Function

The Graph of fix) = a*, a > 1

/

Horizontal
Asymptote X =0
X > Range: (- o0, «)
(1, 0)

)
|
|
|
|
|
|
|
|
|
|
»
|
|
|
|
|

— 4
-

Domain: (o, ©)




" Properties: Logarithmic Function

Domain: (0,00 )
. Range: (—oo,oo)

1.
2
3. x-intercept: (1, 0)

4. Continuous on (0,00)
5

6

. Increasing on (0,0) ifa > 1

. Decreasing on (0,%0) if a <1



Preic = = = -

- Graph the common logarithm function f{x) = log _ x.

1 1
f(x) =log,,x -2 —1 0 0.301 | 0.602 1
y by calculator
fix) =log . x
.
X
5

(0, 1) x-intercept




*Rules: Logarithmic Functions

1. log 1= o0 since a® =1.
2. log_ a =1since a' = a.
3. log, a* = x and a'°8* = x inverse property

4.Iflog, x =log_y, then x =y. one-to-one property

5. log, xy =log, x + log, y Product rule
6.log, x/y =log, x-log, y Quotient rule

7.log x7Y =ylog_x Power Rule

Change-of-Base Rule

For any positive real numbers x, a, and b, where
a#1and b #1, los. x
log, x = X
log, a




Bample:

Solve for x: log, 6 = x
log. 6 =1

Simplity: log, 35
log.3°=5

Simplify: 71°8,9
710879 =0

Simplify: 1o g \/§

=log, 8 =110g58
2



- Simplify, log 7 + log 4 — log 2
log 7*4 =log 14
2

2. Simplify, In e?
=2Ine
:210gee:2 1=

D Simplify, € 4In3-31n4
—a In 34 - In 43

= ¢ In 81/64
— loge 81/64 — R1/64



es of Natural Logari

1. In1=o0sincee® =1.
2.lne=1sincee' =e.
3.lne*=xand el"* = x inverse property

4.IfIn x =Iny, then x =y. one-to-one property

Simplify each expression.

X

In (Lj =R (8_2 ) =2 inverse property

e
| ¥ 2§ R -
e e A § Inverse property
e = — property 2

atn= \/6 ==} property 1



 Exampleg:

Write the equivalent exponential equation and
solve fory.

Logarithmic Equivalent Solution

Equation Exponential

Equation
y =log,16 16 =2 16=2—>y=4
1 1 1

=log,(— —~ =27 —=2lsy=-
=) > = y
y =log,16 16 =4 16=4°—>y=2
y =log.1 =5V 1=5Y>5y=0




yqualitv

Exponential & Logarlthmlc Equatlons

1. If log, m=log, n, then m =n.

2 it =pl [hepm =7



~ Example 10:

1. loge 2x = loge(x + 3),
(Since the bases are the

2x =X £ 3 same we
X = 3. simply set the
exponents equal.)
= o
] —x=-2x



(Since the bases are the

2X—5=x+
same we
x—5=3 .
simply set the
X =20

exponents equal.)



1. Isolate the base-exponent term.
2.  Write as a log. Solve for the variable.

Example 12:

4x+3:7
log,7=x+3

OR with change of bases:

Xx=—3+ log7
log 4

Another method is to take the LOG of both sides.



0 Isolate to a single log term.
0 Convert to an exponent.
0 Solve equation.

Example 13:
log x + log (x — 15) =2
log x(x — 15) =2
e
100 = x2 — 15x%
0 1y 100
0=(x-20) (x+5)
sx=200r—>5



Applications of logarithmic and
exponential functions



Example 14: —

A normal child’s systolic blood pressure may be
approximated by the function p(x)=m(Inx)+5

where p(x) is measured in millimeters of mercury, x
is measured in pounds, and m and b are constants.
Given that m = 19.4 and b =18, determine the
systolic blood pressure of a child who weighs 92 Ib.

Siee =194 =9 and H—|%
we have p(92)=19.4(In92)+18
=y



Example15:

= 8223
- The formula 102 (t in years) is used to estimate the age of

organic material. The ratio of carbon 14 to carbon 12 in a piece of charcoal found at

an archaeological dig is R = T How old is it?

—t

% 8223 — LIS original equation

1()__t 1 10

e8223 — multiply both sides by 10*
1000

et = L take the natural log of both sides

1000

__t —In L inverse property

8223 1000

t =—8223 (m 1 looj ~—8223(-6.907)= 56796

To the nearest thousand years the charcoal is 57,000 years old.
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Outlines:
Limit
e Definition Of Limit
e Properties Of Limits
e Limit Of Infinite Function
e Define Limits At Infinity
Continuity
e The Continuity Test



The word “limit” is used in everyday conversation to
describe the ultimate behavior of something, as in the
“limit of one’s endurance” or the “limit of one’s
patience.”

In mathematics, the word “limit” has a similar but
more precise meaning.



Given a function f(x), if x approaching 3 causes the
function to take values approaching (or equaling) some
particular number, such as 10, then we will call 10 zhe

limit of the function and write

lim f(x) = 10 Limit of f(x) as x approaches 3 is 10

x—3

In practice, the two simplest ways we can approach 3 are
from the left or from the right.



-

For example, the numbers 2.9, 2.99, 2.999, ... approach 3
from the left, which we denote by x—3 -, and the
numbers 3.1, 3.01, 3.001, ... approach 3 from the right,
denoted by x—3 *. Such limits are called one-sided
limits.

x—3 x—3"
(approaching 3 (approaching 3
from the left) from the right)
: —— :
29 2.9933.01 3.1



Use tables to find

Solution :

lim (2x + 4).

x—3

Limit of 2x + 4 as x approaches 3

We make two tables, as shown below, one with x approaching 3
from the left, and the other with x approaching 3 from the right.

X

2x + 4

Approaching | 2.9
3 from the left i 2.99
2.999

A

9.8
9.98
9.998

This table shows
lim (2x +4) =10

x—3~

2x + 4

X
Approaching | 3.1
3 from the | 3.01
right \ 3.001

A

10.2 | Limit
10.02 i is 10
10.002

J

This table shows
lim (2x +4) =10

x—3*



~Limits- Definitio

* A function f{(x) 1s said to approach a constant L as a limit
when x approaches a as below,

lim f(x) =L

Necser il

* Where f(x) 1s the function which assumes a corresponding set
of values and x is independent variables.



Thus we have a left-sided Iimat: lim f(x) =K

X—>C

And a right-sided limit: lim f(x) =L

ey 221

And 1n order for a limit to EXIST, the limit
from the left and the limit from the right must
exist and be equal.




_Example 2: Find mG7+]

x approaching 0 from the left x approaching 0 from the right
> €
__ﬁ-lm_

fx) [P 1.25 1.0625 1.00001 ? 1.00001 1.0625 1.25

y=f(x)

N

The graph of -
e

y=fx)=x"+1

x<0 x>0



L e

x—0

The closer x gets to the values 0, the closer the value
of f(x) comes to 1.

This limit could have been determined by simple
substituting x=0 1nto f{(x).

lim (x* +1) = lim (x* +1) =1
x—0 x—0"



Ex =
" Finding Limits By Direct Substitution

As you have just seen the good news is that many
limits can be evaluated by direct substitution.

1. hm \/; = \/Z — Substitute 4 for x.

x—>4

2 2
X 6

—§—4 Substitute 6 fi
X+3 6+3 9 uosttute OEX:

2. Iim

X—>6



PROPERTIES OF LIMITS

Let a be a real number, and suppose that )lcl_rf(ll f(x)=h gnd ilgcll g(x)=k

then

lim|f(x) £ g(x)|=h+k

X—>a
h>0)

lim| f(x)g(x)] = hk

x—a

5 b
=

Lim[ £(x)]" =[lim f(x)]" =a”  (ifn>0)

x—>a x—>a

lim %/ f(x) = »/lim f(x) = % (if neven h>0)

x—a x—a




Examples4:

L. lim(x* +1) =limx® +liml

x—3 X x—3
2
= (limx) o
x—3 x—3

m lim(2x—l) 2limx —1liml

2. lim = =
=1 3x+5  1im(3x+5)  3limx+lim5

x—1 x—1 x—1

2-1 1

13



 lim f(x T
X—>a O

_/
Limit for case : - =—
mg(x) O

X—>a

1. Factorization method
When this case happens we can factorize the
numerator and denominator and simplify the fraction.

3 Multiplication of Conjugates method
When this case happens we can find the conjugate of
the function.

14



lim = 12 =—
x=3 x—3 Imx-3 O
x—3
S
T x° -9 = (x 3)(x+3)
x—>3 X — x—3 x—3
lim(x+3)=6

x—3

15



Example 6 : Multiplication of Conjugates method

,/x2_|_9 B hm\/x+ -3 O

4 x—)O
lim =
x—0 X lim x? O
x—0
: Jx2+9 3 Y193
Iim —h
x—0 x2 x—0 9 3

(x +9) 9 _lim

= lim
et 1913 2(\/x +9+3)

=

1
=lim = —
i 193 330

16



LIMIT OF INFINITE FUNCTION

lim £(x) = +oo0
lim £(x) = —o0

m()
lim| — | =+
x—0t\ x”

. (1) {—oo r  odd numbers
lim| — | =

x—0"\ x” +00 r  evennumbers



_Example 7: Find lim| —

x—0 X
x approaching 0 from the left x approaching 0 from the right
> €
-- -0.001 [0 _[0.001 -
1 100 1000000 ? 1000000 100
y=f(x)
The graph of :
1
v =) =—
X
We should
conclude that
e (1
hm(—zj = 400
X < O x—0 X

x>0

18



“Example 8:

Given f(x)=— . Find 11m J(*) and I /)

19



Theorem

(@) If lim f(x)=a and lim f(x)=h,then g =b.

X—>0 X—>0

(b) For any positive integer n,
1) lim {L} =0
X—>00 xn
i . 1
i) lim {—} =0
X—>—00 xn

o oEp, A =

X—00 g(x) o0

Divide each term by x to the highest power of the denominator.

20



Example9: =

Find the limitof = 2,3 +2_3
Iim .
X—>00 X

+x+2

e 3 = 2+0-0 -
3

lIim
X—>00 x

— =)
+x+2 1+0+0 -




g .
2— lim jlx ?H'
e =t e o U B

= lim

X—>00

= lim

X—>00

Av: Sy 21
o =

—

- (2T
Tim
x—ol 12x+31]

s O
e
X By X
Py gk
_|_

e

= lim

X—>0

i P

22



CONTINUITY

A function y = f (x) that can be graphed throughout its
domain with one continuous motion of the pen (that 1s,

without lifting the pen) 1s an example of a continuous
function.

7 —Af/ .——:Hf
T

d d d

23



e Continuity Test:

A function f 1s continuous at a point x = ¢ 1f

1. f(c)is defined

2. lim f(x) exists

X —>C

3. limf(x)=1(c)

Xz

THIS IS THE DEFINITION OF
CONTINUITY

24



1. Removable Discontinuity:
It is a type of discontinuity in which at a particular point, left hand side limit

and right hand side limit are equal and finite, but are not equal to limit at that
point. We can write that

lim; ;. f(z) =lim; o f(z) # lim; ,, f(z)

AY

25



2. Jump Discontinuity: In this discontinuity, left hand and right hand
limits do exist and are finite, but are not equal. We can write as:

]j-nlz w1t .ﬂ:E] ?’5]_1[[[: HI f{m]

AY

N

26



e of discontinuities:

3. Infinite Discontinuity: Infinite discontinuity is a discontinuity in
which one of left hand and right hand limits or both do not exist or
are infinite. We can say that:

Either lim, ,o+ f(x) or limz .o f(x) or both do not exist or are infinite.

_

x i
[
v

27



= ExamplelO:

Discuss the continuity at point x=0, 2, 3, 3.5, 4

SR

28
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For, x=0
f is continuous at x =0 because
@ A0) exists

lim f(x)=2 exists
D 0

el



/ Ty e —

For, x=2

f is discontinuous at x =2 because

lim f(x) % /(2)

The function fails Part 3 of the test. The function also fails to
be continuous from either right or left. The necessary limit
exists but do not equal the function’s value at x=2

30
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For, x=3
f is discontinuous at x =3 because

lim f(x)  Does not exists
x—3

The function fails Part 2 of the test.
The function is continuous from left at x =3 because

ey = 0O)- |
x—>3"

But the function is not continuous from right at x =3 because
lim £(x) =0

x—3

While 7(3)=1

31
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For x—35

f is continuous at x =3.5 because
@ A3.5) exists

» 1M f(x) exists
x—3.5

@ lm f(x)= f(3.5)

x—3.5



/ e = e e

| For, x=4

f is continuous at x =4 because
@ f(4) exists

» 1M f(x) exists
x—4

= g

33






Outlines:

Differentiation of a Function
Rules of Differentiation
Higher order Differentiation
Implicit Differentiation
Application of Differentiation



/ 7

Differentiation of a function

The derivative is a fundamental calculus concept. To
carefully understand the differentiation (derivative),
the concept of a limit (Chapter 2) and the concept of a
tangent (slope) must first be understood

Keeping the above in mind, the differentiation of the
function by using the first principle is:

f(x+h)— f(x)
h

f'(x) = [f(x)]— limy,_o




y Line tangent to f{x) at xg

_ flxg+h) = f(xp)

slope =

y=f(x)

Figure 1: Detining the derivative geometrically

h



/ |

Differentiation of a function

Intuitively, the derivative gives the change in the dependent variable
that occurs when the independent variable increases by one unit,
(where one unit is small).

The idea behind the notion of differentiation is for example you leave
Melaka by bus at 10 am on Saturday morning and arrive in Tapah at 2.15
pm. The distance between Melaka and Tapah is about 260 km, so the
bus’ average speed between Melaka and Tapah is

260 260

: : _ = ~ 62.65 km/h
(time of arrival) — (time of departure) 4.15




e

////\\‘“ i

Example 1:

Find from the first principle, the derivative of y with
respect to x if y = x?

f (x+h)— f(x)
h

P00 =—[F(0]=limy

& 2
dy:lim (x+h)® —x

& h—0 h

2xh — h?

:“mh—>0
=lim,_,, 2X—h

X



~Derivative of a function at any point Xx=a

Let a be a number in the domain of a function f. If

T(x)-1(a)

X—a X —a

lim

exists, we call this limit the derivative of f at a and write

t'(a)

So that

f'(a) = lim,_,, %)= 1(@)
X—a

The expression f'(a) is read ‘the derivative of f at @’ or ‘f prime ofa’

By definition, f'(a)is the slope of the tangent line to the graph of f at

(a,f(a)).




/
Example 2:

Find T'(8) for the given value of a =2

2
F(x) =3x" +12 . 2 D @0 D)
f'(2)=lm,_,,
f'(a) =lim,_, f(x))(_;(a) X <
o . 3x% -12
f'(2)=lim,_,, ) 19 - e
X—2
. 3(X—2)(X+2)
=1lim
X—>2 )
=lim,_,, 3(x+2)

=12



~ *RULES OF DIFFERENTIATION-1

Constant Rule If v =cthen
¥4 ll=0
dx dx

Power Rule If v = x¢ then
E _ i [Ir. }: EIE_I
dy dx

Constant Coefficient Rule

If v = cf(x), then
gﬁ:

_da
dx dx

@)= @)= @
X




Example 3:
i If y=5, then - :1[5]=o
dx  dx
dy d [
2 y =X en 0 dx[ ] 5x
dy d
: If y=5x,th — 5X
- . = dx dx[ ]



~ *RULES OF DIFFERENTIATION-2

Sum Rule Ify = ffx) + g(x) then

dy_dy
— ﬁf®+ﬂd

d_d
dx dx

r@)+ =g
X

Product Rule If v = f(x)g(x), then

dy _ d
E—ﬁvwmm
ch

Y oy 4 a
= = g =@+ f @[50

@ _ gx)f'(x)+ f(x)g'(x)
dx




Example 4: Sum Rule

If y =5x + 2x , then

y [5x+2x2]
dx dx

5y . i
dx dx [5X]+ dx [ZX]

ﬂ:5+4x
dx

12



Example 5: Product Rule

If y = [5x][2x], then

dy _d
ax  dx

[5x112x]] = 2x%[5x]+5x%[2x]

& = 2X[5]+5x[2]
dx

ﬂ =10x+10x = 20x
dx



//

Don't ﬁ

You can do it!!!




~ *RULES OF DIFFERENTIATION-4

Quotient rule If v _ I ,then
gix

dy _d ([
dx dx| g(x)

d d
gy & /=) gx)

dx (g(x))’
Chain Rule If y=1(g(x)), thenu = g(x)

dy _ dy du

dx du dx

a_d

" dx 2 [£e]

[f(g(x ))] [g( 0)|= ' (g(x))g' (x)

ﬂ'[g(l’)]

15



Example 6: Quotient Rule

2
E | X +1 _ then
x> +2x

d [ x°+1
dx | x3 + 2x

dy  2x(x° +2x)—(3x* +2)(x* +1)
ax (x3 . 2x)2

16



/
Example 7:--Chain—Rule — //

2 Y
If y:u3_3u2+1 and y=x<+2 , then dx
d du
5 _342 6 — =2
du dx
It follows from the Chain Rule
dy dy du
dx dx dx
Notice that this derivative expressed in
ﬂ - (3u 2 _6U XZX) terms of variables x and u.
dx

dy . .
To express d_i in terms of x alone, we substitute U = x2 +2

% = (3(X2 + 2)2 —6(x* + 2))(2X) =6x°(x" +2)

17



~ *RULES OF DIFFERENTIATION-5

Power Rule

y =[Ax)]¢ ,then
Letu = f(x)and y =[ u]*
dy
du
Using the Chain Rule
dy _dy du
dx du dx

'y
UG _rren e

—cu®'and du_ f'(x)
dx

Natural Log Rule

If y=In(x), then

D _ 4 [1n(x)]=

1
dx dx ;

18



Example 8: Power Rule

If y=(x+4)3 , then dy 0 [(X+4)3]

dx dx
Llet u=x+4 and y=[u)3
du S ﬂ =3u?
dx du
Using the Chain Rule (Czlli = gz : 3;:
d 3 2
—|(x+4) |=3u“.1
dx [( ) ]
Substitutingu =x+4 , 4y _ )

dx

19



Example 9: Natural Log (Ln) Rule

If y=5[In(x)] , then

dy _i
- =5 15n0)]

dy i
&—5 = [In(x))]

ﬂztﬁzﬁ
dx X X



~ *RULES OF DIFFERENTIATION-6

Natural Exponential Rule | If f(x)=e",then

2-2khe

Exponential Rule If f(x)=a",then

& :i{ﬂx]z a Ina
dx dx

If f(x)=a",then

ﬁ — i [ﬂ”]: a”t (ln g)ﬁ
dx dx dx
Where u= f(x)

21



Example 10: Natural Exponential (e) Rule

If =2t , then
dy = d e3x+4]
dx dx

letu=3x+4 and y=-¢e"

Using the Chain Rule dy _ dy du
dx  du dx
0 e".3
dx

ﬂ e 3eu i 3e3X+4
dx

22



Example 11: Exponential Rule

1. If y=5%, then

dy
dx

ddx [5X] =5%1In5

>, If y=43**> | then

gy di du -
~ dx[4 ]—4 (In4)dx Where u=3x+5

% =4%*(In4B = 3(43X+4 (In 4))



N

HIGHER ORDER DIFFERENTIATION

First derivative ' dy
7 E o L]
dx
Second derivative r" d [ dy dz}, 7>
- | 5 | 5~ Or N [f(t)]
dy | dx dy ax”
Third derivative f 2.7 3. 3
d d_: :d} Dr—[f(x)]
dx| dx* dx> -
Fourth derivative 4 f':ﬂf ) il a’ ) 1 4* ) i
T |=— or —[f(t)]
dx | dx | ax i’
ntt derivative [(n) f[ﬁ ) d"
—[f ()]
ax

24




Example12:

2

Find x Z’ if 2x°-3y* =7

X

2x° —3y* =7

6x°—6yy =0

6y y' =—6X°

o y°2X_X2y,

y ¥

2
”_2x_x ,

/%%/////%?;

¥ = y y2 y Substitute y'
back into the

2
”:2x_x.x

y v v

[ - Oy oy
r = =
y ¥

/ equation.
Z



m

N—,
xample 13:

Find the 1%, 27d and 3™ derivatives of’:
3

f(x) = x> + 3x* — 2x3 + 10x% + 5x — 12

26
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*IMPLICIT DIFFERENTIATION

How would you find the derivative in the equation

X2 —2y3+4y =2
where it is very difficult to express y as a function of x?

To do this, we use a procedure called implicit differentiation.

This means that when we differentiate terms involving X
alone, we can differentiate as usual.

But when we differentiate terms involving y, we must apply
the Chain Rule.

27



“Example 14:

Differentiate the following with respect to x.

3X2 6X

2y 6y> y’

X+ 3y 1 + 3y’

Xy? x2y)y’ +y(1) =2xyy’ +y°

Product rule

28



Example 15:

Find dy/dx given that y3+y?-5y-—x>=-4

3y2 ﬂ i zyﬂ o ﬂ 9P Isolate dy/dx’s
dx X X
dy dy _dy
Jy = Iy 52 Oy
y dx y dx dx Factor out dy/dx




Example16: e

This is not a function, but it
would still be nice to be able
g to find the slope.
X2 + y2 _ 1 \J
i Ye o i y2 = il <« Do the same thing to both sides.
dx dx dx
Note use of chain rule.
e

30



Example 17:

Determine the slope of the tange
graph of x2 + 4y? = 4 at the poin

m =

s 7 5 5

t

{

line to th

V2,-YV2).

dx 4(

N |~

ol

j14

-~
-




- APPLICATION OF

DIFFERENTIATION

Rectilinear Motion/ straight line motion
Increasing and Decreasing Functions
Stationary Points

Second Order Derivatives

Optimization Problems



ectilinear Motion

If displacement from the origin is a function of timel.e. ¥ = f (t)

then
Vi % v - velocity ‘
dt
dv dx

a - acceleration

8
dt  dt

33



Example 18: //

A body is moving in a straight line, so that after t seconds its displacement
X metres from a fixed point O, is given by

X=9t+3t° -t
(a) Find the initial dislacement, velocity and acceleration of the body.
(b) Find the time at which the body is instantaneously at rest.

t=0 =x=9(0)+3(0)>—(0)*=0m

Vz%:9+6t—3’[2:> v=9ns
a:y:6—6t — a=6m/82

dt

34



ncreasing and decreasing functions

Look at how the value of the gradient changes as we move along this curve.

At any given point the function is either increasing, decreasing or stationary.

35



: . : ==
Increasing-and-decreasing functions _—

A function is said to be increasing when its gradient is positive.

So: A function y = f(X) is increasing if % >0.
X

A function is said to be decreasing when its gradient is negative.

So: A function y = f(X) is decreasing if % <0.
X

Is the function f(X) = X3 — 6X> + 2 increasing or decreasing at
the point where x = 3?

f'(X) = 3x> — 12X
F@l=27 36= 09

The gradient is negative, so the function is decreasing.
36



Example 19: e

Suppose we want to know the range of values over which a function is increasing or
decreasing.

Find the range of values of x for which the function f(x) = x3
— 6X* + 2 is decreasing.

f'(X) = 3x> — 12X
f(x) is decreasing when f '(x) < o.
That is, when 3X2 - 12X < 0
X>—4X<o0
X(X-4) <o

We can sketch the graph of y = x(x — 4) to find the range for which this inequality is
true.

37



/ .

Increasing and decreasing functions

The coefficient of X > 0 and so the graph will be U-shaped.

Also, the roots of y = X(X — 4) are X =0 and X = 4.

This is enough information to sketch the graph.

(0,0) (4, 0)

The inequality
X(X-4) <o

is true for the parts of the curve that
lie below the
X-axis.

So 0 <X < 4.

f(x) = X3 — 6x2 + 2 therefore decreases for o < X < 4.

38



ry points

A stationary point occurs when the gradient of a curve is o.

A stationary point can be:

® a minimum point ® a maximum point

39




ationary points (Critical points)

Maximum and minimum stationary points are often called turning points because
the curve turns as its gradient changes from positive to negative or from negative to
positive.

A stationary point can also be a point of inflection.

40



/
Example20: =

We can find the coordinates of the stationary point on a

dy

given curve by solving == =0.

Find the coordinates of the stationary points on the curve with
equationy = x3 - 12x + 7.

ay —3ys 1D
dx
oy
— =0 when 3x2-12=0
dx
X?—4=0

(x—2)(x+2)=0

=200 =2 4



Substituting x = 2 intoy = x3 — 12x + 7 gives
y=23-12(2) +7
=8-24+7
=-9
So one of the stationary points has the coordinates
Substituting x = -2 intoy = x3 — 12x + 7 gives
y=(-2)P-12(-2)+ 7
=-8+24+7
=23

So the other stationary point has the coordinates

42



Deciding the-nature of a stationary point //

We can decide whether a stationary point is a maximum, a minimum or a
point of inflection by working out whether the function is increasing or
decreasing just before and just after the stationary point.

We have shown that the point (2, —9) is a stationary point on the curve y =
X3 —12X + 7.

Let’s see what happens when X is 1.9, 2 and 2.1.

Value of x 1.9 2 2.1
Value of % =3x*-12 -1.17 0 1.23
X

Slope \ o /

So (2,-9)isa turning point.

43



/
Deciding the nature of a stationary point™

Using this method for the other stationary point (-2, 23) on the curve y = X3 — 12X + 7.

Value of x -2.1 -2 -1.9
d
Value of —y =3x*-12 1.23 0 -1.17
dx
Slope / \
So (-2, 23) isa turning point.

The main disadvantage of this method is that the behaviour of more unusual functions
can change quite dramatically on either side of the turning point.

It is also time consuming and involves several calculations.

44



Differentiating a function y = f(X) gives us the derivative

ﬂ or f'(x)
dx

Differentiating the function a second time gives us the second order derivative. This
can be written as

2
M or f"(x)
dx®
The second order derivative gives us the rate of change of the gradient of a function.

We can think of it as the gradient of the gradient.

The second order derivative can often be used to decide whether a stationary point is a
maximum point or a minimum point.

45






Using second order derivatives -

d’y
dx?

< () atastationary point, the point is a maximum.

d’y

If —2 > ( atastationary point, the point is a minimum.
2
dx

d?y
2

dx

maximum, a minimum or a point of inflection.

— (0 atastationary point then the point could be a

If

In this case we would have to use the method of looking at the sign of the derivative
at either side of the stationary point to decide its nature.

4k
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OPtim Example 21 ——

A very useful application of differentiation is in finding the solution to optimization
problems.

A farmer has 60 m of fencing with which to construct a rectangular
enclosure against an existing wall. Find the dimensions of the largest
possible enclosure.

If | is the length of the enclosure and w is the
width, we can write

W+ | = 60

| = 60 - 2w

The area A of the enclosure is:

A=wl
= W(60 - 2w)
= 60W — 2W?

48



Look at how the value of w affects the area of the enclosure.

49



Example22: -

To find the maximum area we differentiate A = 60w — 2w?
with respect to w.

d—A:6O—4W
dw
d—A:OWhen6O—4W:O
dw
4w = 60
w =15

The maximum area is therefore achieved when the width of the enclosure is 15 m.

The dimensions of the enclosure in this case are 15 m by 30 m and the area is 450
m2,

50



E@W/

Given that y = x3 — 6x% — 15x:
d°y

5 -

a) Find dy and
dx dx

b) Find the coordinates of any stationary points on the
curve and determine their nature.

c) Sketch the curve.

a) B i
dx

d°y

2 =6x-12
X

51



b) The stationary points occur when % =0
X
3x° -12x-15=0
X°—4x-5=0

When x = -1

(x+1)(x—-5)=0

X = or=>5

y = (-1)°-6(-1)° - 15(-1)

=_1-6+15
=38
d 2
Xg’ 6D 1D
17

. (-1, 8) Is a maximum

52



y =(5)3 - 6(5)*-15(5)

c) Sketching the curve:

=125 - 150 - 75
= -100
d°y
dx?

= 6(5)—12
=18

" (5, -100) is a minimum

yA

(_1) 8)

|

o

(5, -100)

3 4

53
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Outlines:

Indefinite Integration
Definite Integration
Improper Integration
Techniques of Integration
Application of Integration



- INTEGRATIO

The reverse process to differentiation is called anti differentiation.
The process of finding anti derivatives is called integration.

How 1ts done?

Differentiate x2 ——) ) ) — 5]
Multiply by power Drop power by 1

Integration X2 x> 4 2X

Divide by new power Raise power by 1

Integration



INDEFINITE INTEGRATION

The process of finding all antiderivatives of a function is
called antidifferentiation, or integration.

This is called the

f(X)dX indefinite integral and
is the most general

/ ‘ antiderivative of f

Integral sign Integrand

We write jf(X)dX = F(X) +C

This is called an indefinite integral, f(x) is called the
integrand and C is called the constant of integration.



BASIC INTEGRATION RULES— —
= -

/

Rule 1: jkdx —kx +C (k, a constant)

Keep in mind that integration is the reverse of differentiation.
What function has a derivative k?

kx + C, where C is any constant.

Another way to check the rule is to differentiate the result and see
if it matches the integrand. Let's practice.

Example 1: Example 2:

Ide=2x+C jnzdx=n2x+C



[ ' - ? ? e e
Before we list Rule2let's-go-back and think about derivatives.

When we used the power rule to take the derivative of a power, we
multiplied by the power and subtracted one from the exponent.

Example 3: -
&(x )=3x

2

Since the opposite of multiplying is dividing and the opposite of
subtracting is adding, to integrate we'd do the opposite. So, let's try
adding 1 to the exponent and dividing by the new exponent.

SRR ><3+1 1
Integrating: jx3dx i — i Zx
_|_

4

et 4
Check by differentiating the result: g |2~ |72% =%

Since we get the integrand we know it works.



BASIC INTEGRATION RULES—
/

n+1
X +C nx -1
+1

Rule 2: The Power Rule jx" _
n

Example 4: Find the indefinite integral IT3dT
Solution: [ +3dt— 1
oluTion. IT dT:T—FC

Example 5: Find the indefinite integral jxgdx

3 5
3 2 2 5
Solution: ijdx=’§ +C=XT+C:§X2 S
oostedi o | it
5 - 2



~_Hereare more examples of Rule 1-and-Rule 2. E——
-

1
Example 6: Find the indefinite integral j?dx

1 -3+1 A =

Solution: J—dx:'[x’3=x "t = ¢ ¢

x3 -3+1 -2 2x°

Example 7: Find the indefinite integral [1dx

Solution: jldx XTI C

Example 8: Find the indefinite integral j—3><_2d><

= _3x—2+1 = _3x—1

Solution: j—Bx‘ZdX=—3JX_2— i +C==—+C

-2+1 -1



BASIC INTEGRATION RULES—

=

/

~ Rule 3: The Indefinite Integral of a Constant Multiple of a Function

I cf(x)dx = cj f(x)dx, cis a constant

Rule 4: The Sum Rule (or difference)

[ EFG)-+ 9o i -

[ £(x)dx +
. f(x)dx —

[[EFG0)— g -

Rule 5: je"dx —e*+C

[ g(x)dx

[ g(x)dx

, 1
Rule 6: I;dx =In|x|+C To check these 2 rules, differentiate
the result and you'll see that it matches

the in

tegrand.



E T Integrate. X —— —X+3e¥dx—
/)gnple/? ntegrate —I\(Z\XAF?—F +3e”)

Using the sum rule we separate this into 5 problems.
J'Zxdx—jldx+jizdx+j\/§dx+_..36xdx
X X
Call them: 1 2 3 4 5

For ‘ we will use rule 3 to bring the constant outside of the
integral sign.

2| XdX  Next we will use rule 2, the power rule to integrate.

2 x1+1 x2
2l xdx=2| 2— |=22_=x°
. (1+1j 2




Example 9 confinues... —

T Jexde [l S [ [3e7dx
Call them: 1 2 3 4 5

‘ f 2xdx = x°

For @ we will use Rule 6 the natural log rule.

—jldx = —ln‘x‘
X

For @ we will first rewrite then use the constant rule (Rule 3)
and then the power rule (Rule 2).

—2+1 -1 i 3

j—dx 3jx‘2dx 3=

2+1 e



Example 9 continues... T—

T [wax [ [ s [ [ 3070
J' X x—jx x+j><2 x+j X x+j eXdx
Call them: 1 2 3 4 5

‘ J'Zxdx=x2 @ —j%dx=—ln\x\ @ .“xi?dx:_??,

For @ we will rewrite and then use the power rule (Rule 2).

1
—+1 3

Jxdx = x;dx — = =
f 3

1+1
2
For ‘ we will use the constant rule (Rule 3) and then Rule 5 for ex.

_[Sexdx = 3_[exdx =3e”



Example 9 confinues... /4/ -

/V

IZXdX - j %dx = j %dx - j&dx + IBexdx

cithen:@ @ G @ @

3
ijdx —j'ldx+j7dx + [xdx +_[3€’<dx
X 3
X ~Injx| & = gx2 +3e”
X 3

So in conclusion:

ijdx—jédx+j%dx+j&dx+f3exdx=x2 —ln\x\—§+§xg +3e 1€

You may be wondering why we didn't use the C before now. Let's
say that we had five constants ¢, +C, +C;+C, +C5 . Now we add all
of them together and call them C. In essence that's what's going
onh above.



Review - Basic IntegrationRules——

—

Rule 1: jkdx —kx +C (k, a constant)

Rule 2: The Power Rule fX“ =

n+1

X
n+1

+C

Rule 3: The Indefinite Integral of a Constant Multiple of a Function
j cf(x)dx = cj f(x)dx, c is a constant

Rule 4: The Sum Rule (or difference)

[ [£(x)+ gOJkx - |

. f(x)dx +

[ [f(x)-g(x)Hx =

Rule 5: Iexdx o

1
Rule 6: j;dx =Injx|+C

[ g(x)dx

[ £(x)dx —

[ g(x)dx



DEFINITE INTEGRATION

The function is the integrand.

Upper limit of integration
T b / x 1s the variable of integration.
Integral sign \/ f ( ) d /
a
P : / When you find the value
Lower limit of integration N J :
2% of the integral, you have

Integral of f from a to b evaluated the integral.



The Definite Aréamee.

= p The notation for the area between the graph
y Y= (x) y = f(x) And the x-axis from x = a to x = b is

b
= Ax) dx

This is called the definite integral. a and b are the lower and upper limits of
integration, respectively.

The area between the graph of y = f(x) And the x-axis from x = a
to x = b can be calculated as the area from x = o to x = b minus
the area from x = o to x = a.



Example 10:
Wl'iwa&ied area shown below asadefinite integral. —
=
e = hg -
Area = .[ h(x) dx
2
2 7 s

Example 11:

> 2
Find j 3x dx
2

373
= [X ] 0
3 3
= 3 S 2 Note: The constant of integration
is cancelled out during the subtraction
Asc-c=o0

=
= 19 units




— .

,/ Pr6|be/rties of Definite Integrations =

P1 The value of the definite integral of a given function is a real
number, depending on its lower and upper limits only, and is
independent of the choice of the variable of integration,

[ reaax=[ roy = raa

= jb Fl)de=— L F)dx

= j Fx)dx = Lbf(x)dx = jjo dx =0

b ¢ b
P4 Lf(X)dX = jaf(x)dx+Lf(X)dX D

18



‘Properties of Definite Integrations

P6 Rules of Integration:

if f(x) , g(x) are continuous function on [a, b] then

b b
J‘ kf (X)dX = k j f ( X)dX for some constant k

[T+ gl = (s« [ g(xax



Properties of Definite Integrations

P5 Comparison of two integrals, if,

f(x)=gx) Vxe(a,b)

jb F)dx < Jjg(x)dx

x2 S0

L 1
j X dxﬁjxdx
0 0

20



Properties of Definite Integrations

P7 jaf(x)dX s Iaf(a S x)dx a: any real constant.
0 0

j_aa J(x)dx = jon(x) + f(—x)]dx

J~02;l‘(3€)dx = J:[ f(x)+ fQa-x)]|dx

ij(x)dx = ff(a +b—x)dx



xample 12:

= fl (® +1)dt

=
H(t)=|—+t
(1) = -




~ USING THE PROPERTIES OF THE DEFINITE INTEGRAL

Prample 13 ——

3 7
Given: f(x)dx =6 f(x)dx =9 g(x)dx = —4
/ / /

3 3
f3f(x)dx = 3ff(x)dx — =10
1 1

3

3 3
j(Zf(x) — 4g(x))dx = 2ff(x)dx = 4jg(x)dx = 2(6) —4(—4) =28
1 1

1!

7k 3 7
[ reax = [ r@ax+ [ feoax = 6+9=15
I 1 3

1 3
3jf(x)dx= —!f(x)dxz —6



ample 14

46—2) —

g EE
= = — = 32.67

e e

w\'{;

64 27

)— 2(1) = 20.83

2



Geometric Interpretatlons of the Propertles of the D

/

y =fx)

>

X

0 a
(a) Zero Width Interval:

/af(x) dx =0

0
(d) Additivity for definite integrals:

Lﬁnﬁ+l%nw=£%ﬂa

Integra
X v =2f(x)
k\/y =f(x)
0l a b "

(b) Constant Multiple: (k = 2)

b b
/kf(x)dx= /f(x)dx

max f
/\/\y=f(x)
min f

0l a b

(e) Max-Min Inequality:

min f+ (b — a) Sfbf(x)dx

=max f+(b—a)

y=fx) + glx)
/\/ y =g
y =fx)

X

Ola b
(c) Sum: (areas add)

b b b
fuw+gmw=/ﬁmm+/aww

y=fx)

y =g

Ola b

(f) Domination:

f(x) = g(x) on[a, b]

b b
= / fx)dx = f g(x) dx



IMPROPER INTEGRATION

Definition A definite integration

Lb F(x)dx

is called IMPROPER INTEGRATION if the interval [aq,
b] of integration is infinite, or if f{x) is not defined or
not bounded at one or more points in [a, b]

+00 5
j e “dx
0



_ IMPROPER INTEGRATI

T
[ e

N = 7

efinition

lim j 0

b—o+0 Ja

lim f (x)dx

a—>—00

Ij:f (x)dx ._C f(x)dx + Jr;”o(x)dx

The improper integration is said
to be Convergent or Divergent
according to the improper
integration exists or not.

lim

f—)—OO o

f (x)dx + lim f (x)dx

{—>+o0

27



mple 15:

‘ " . 1

t—>+00 J1 X

28



Determine if the following integral is convergent or divergent
and if it’s convergent find its value.

o]
j —dx
R
| =l
f —dx = lim —dx
X tooo ). X
lllm ln(x)]t
t—o0 1

= lim (In(t) — In(1))

So, the limit is infinite and so the integral is divergent.

29
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~ Integration by Substitution

The chain rule allows us to differentiate a
wide variety of functions, but we are able to
find anti-derivatives for only a limited range
of functions?

We can sometimes use or
to rewrite functions in a form that
we can integrate.



=

Steps for Integrating by Substitution

1.

U1 i) DD

o

Choose a substitution u = g(x), such as the inner part of a
composite function.

Compute du = g (x)dx

Re-write the integral in terms of u and du.

Find the resulting integral in terms of wu.

Substitute g(x) backin for wu,yielding a function in terms of
x only.

Check by differentiating.

32



/ j(x+2)5dx Let u=x+2

Don’t forget to substitute the value for # back

(X - 6)6 into the problem!




E@ﬂel& =

J-\/1+x2 2x dx

One of the clues that we look for is if we can

find a function and its derivative
in the integral.

The derivative of 1+ x°is 2x dx

Letu=1+x*

du =2x dx

Note that this only worked because of the 2x
in the original.

Many integrals can not be done by
substitution.



Lletu=4x-1
du =4 dx

la’u:a’x
4

i

> Solve for dx.




EX}meZO: e —
/ _[_113x2\/x3+1 = e u

du =3x° dx u (1)

1

j(jui du

- -2

2

3
= | —yuy 2 Don’t forget to use the new limits.

>

= -0




Integration by Parts

If u and v are functions of x and have
continuous derivatives, then

Iudvzuv—jvdu




Proof:

/ 7 - WW\\”% —
Product Rule: i(uv) — uﬂ o v@
dx dx dx

Jdix(uv)dx Ju—dx + jv—dx

Uy = judv + jvdu

Iudv=uv—jvdu



/

~__—Summary of Common-Integrals Using
Integration by Parts

For integrals of the form
J x"e“dx, J x" sin axdx, J x" cosaxdx
Let u = x" and let dv = e?* dx, sin ax dx, cos ax dx

2 For integrals of the form

J x" Inxdx, J x" arcsinaxdx, J x" arccosaxdx

Let u = Inx, arcsin ax, or arctan ax and let dv = x" dx

3. For integrals of the form

J e“ sinbxdx, or J e“ cosbxdx,

Let u = sin bx or cos bx and let dv = e?* dx



/
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Guidelines for Integration by Part

1. Try letting dv be the most complicated
portion of the integrand that fits a basic
integration formula. Then u will be the
remaining factor(s) of the integrand.

2. Try letting u be the portion of the
integrand whose derivative is a simpler
function than u. Then dv will be the
remaining factor(s) of the integrand.



~ TIPS S

Pick your “u” and “dv.”

TRICK: L1 P.E.T. This determines what u should be initially.

I Logarithm,

L Inverse,

P Power,

E. Exponential

e Trig functions.

I xe dx

In this problem, a power function and an exponential function are present.
Since power (P) comes before exponential (E), u should equal x.

From the u, find du. From the dv, find v.

Therefore u=x, then du=dx! Don’t forget that.

Simply plug this into the “parts formula.”



Example 21: _—

X To apply integration by parts, we want
xe dx . : :
to write the integral in the form J‘ 14 dv

There are several ways to do this.

j(x)(exdx) j (ex Xxdx) j (1)(xexdx) j(xex de)

e H(—/L—y—g \—Y—)K YJ Y \_Y_/
u dv u dv u dv u dv

Following our guidelines, we choose the first option because
the derivative of u = x is the simplest and dv = e dx is the
most complicated.




I

u dv

judv:”V_IVdu

= xe —jexdx

—xe —¢



Example22:

2 Si 2 int tes easier than
X In X dx ince x 1n_egra es easi tha
Inx, letu=Inx and dv=x

u=Inx dv = x? dx
1 3

du =—dx -szL
X 3

Iudv:uv—jvdu

——lnx— ——dx :x—lnx— x—dx
3 3
3 3
= Inx-2+C

3 9






~ Area between Curves- Case 1

¥

Therefore the area between these two curves is

A= 2 F ) -g®

_ (b ( Upper \ [ Lower =
.= f a (function) (function) dx asx<b

46
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_ Area between Curves- Case 2

gF === = ===

The second case is almost
identical to the first

case. Here we are going
to determine the area
between x = f(y) and

x = g(y) on the interval

[c, d]with f(y) = g(¥)

In this case the formula is,

A=[F ) -9O)

d ( Right Left
5 S <x<
4 fc (function) (function) dx c=x=d

47



Determine the area of the region enclosed by y = x? and y = /x

STEP 1: Sketch the curves. Identifying the upper and the lower curves,
we take f(x) = x?and f(x) = Vx.

¥

1.2

.-
0.6
04

0.2

48
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STEP 2: The x- coordinates of the intersection point are the limits of
the integration. Find the limit by solving y = x* and y= v/x
simultaneously for

x==lx

~x=0andx =1;

STEP 3: Integrate

4= 17 (uneion) ~ (tumetion) %

A= [[(X) - xDdx
2 1 e
a=[z3¥F-5 7]

A=
3

0

49



Example2a

Determine the area of the region enclosed by x = %yz —3and y=x-—-1

STEP 1: Sketch the curves. Identifying the upper and the lower curves,
we takex=%y2—3 hd e

50
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STEP 2: The x- coordinates of the intersection point are the limits of
the integration. Find the limit by solving x = %yz —3and y=x—1

simultaneously for

1
y+1:§y2—3
vt =y — G

0=y —Jy -8

0=Q -4y +2)

STEP 3: Integrate

- f: (fuljlift}il;n) = (furlllc?‘fiton) .
A=["(y+1) - Gyz = 3) dy
A= 1% (vt ey +a)ay= [ bt o]
A =18

51



lumes of Solids of Revolution

Vo

In this section we will start looking at the volume of a solid of revolution.
We should first define just what a solid of revolution is. To get a solid of
revolution we start out with a function, y=f(x) on an interval [a, b].

¥

>

52



Volumes of Solids of Revolution

The volume of the solid generated by revolving the region about the x - axis

between the graph of the continuous function y = f(x) and from x = atox =
b is:

b
= Jf 1 (radius function)? dx
:
V=| n({ydx
Ja
b
= | (f (x))? dx
a

23



Volumes of Solids of Revolution

The volume of the solid generated by revolving the region about they - axis

between the graph of the continuous function x = g(y) and from y =atoy =
b is:

b

e — Jf 7 (radius function)? dy
Fb

7 — |z (x)* dy
Fb

o (g())? dy

54



Example 25

Determine the volume of the solid obtained by rotating the region bounded
by y=x*—4x+5 and x = 1, x = 4 about the x-axis

STEP 1: Sketch the region

.

e

4k

O = k3l sl O - MO

I
*

55
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STEP 2: The volume of this solid is then

V= [, m (f)) dx

b
V=Jr T (x? —4x + 5)%dx
F4
V=J m (x* —8x3 + 26x% — 40x + 25) dx
1
4
1 26
e [n <§x5 — 2x* +?x3 — 20x? + 25x>]
1

_787‘[
=

56
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INTROD UATIONS



Outlines

First-order differential equation
Application of Differential Equation
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Introduction

One of the most important application of calculus is differential
equations, which often arise in describing some phenomenon in
engineering, physical science and social science as well.

In general, a differential equation 1s an equation that contains
an unknown function and its derivatives. The order of a
differential equation is the order of the highest derivative that
occurs 1n the equation.

A function y=f(x) 1s called a solution of a differential equation
if the equation 1s satisfied when y=f(x) and its derivatives are
substituted into the equation.



</
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Introduction

If no additional conditions, the solution of a differential
equation always contains some constants. The solution
family that contains arbitrary constants 1s called the
general solution.

In real applications, some additional conditions are
imposed to uniquely determine the solution. The
conditions are often taken the form that 1s, giving the
value of the unknown function at the end point. This kind
of condition 1s called an initial condition, and the
problem of finding a solution that satisfies the initial
condition 1s called an initial-value problem.
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Introduction

A differential equation is an equation connecting a
function and its derivatives.

A first-order differential equation involves only first

derivatives. Examples of first-order differential
equations are

dy

dx

(3x — 2)ﬂ = y°
dx

+2xy = 3x°

dy

+ 3 2x—1
dx =



Introduction

A second-order differential equation involves second
derivatives. Examples of second-order differential
equations are

F+3%+2y:e4x
X X



First-order differential equation

Finding the complementary function and a particular
solution

Separating the variables

Integrating Factors
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Finding the complementary function and a particular
solution

This method is suitable for solving only linear first-
order differential equations. Suppose that the
differential equation has the form

a by = f()

X



////
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/Finding the complementary function and a particular
solution

Step 1: Find the complementary function, that is the solution to the
dy
equation a—+5by =0.
q e )

The complementary functionis ¥ = Ae™

where m is the solution to the auxiliary equation, am+5b=0

Step 2: Find the particular solution that is a function that satisfies the
original differential equation.

Step 3: The general solution to the original differential equation is
y = complementary function + particular solution
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Example 1:

Find the general solution to the differential equation

d
2 d_y —3y=¢**
Solution x
STEP 1.
The auxiliary equation is 2m-3 = 0.
—>m =15

Therefore the complimentary function is

y i Ael.Sx
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Example 1:

Solution
STEP 2:
The particular solution is y = ae*"
d
=
dx 2

Substituting these into the original differential equation gives:

Therefore the particular solution is



- / — 7,,,\\% e
Example 1:
Solution
STEP 3:

The general solution to the original differential
equation is

B ok
yv=Ae " +e



/

___Separating The Variables =

This method only works for differential equations which
can be rearranged to the form

dy _
f(x) P g(y)

Suppose that the differential equation has the form

g(y)j—y - f(x)
X

The variables can then be separated out:

[ gy = [ £



' e 77.7\\” —
.__Separating The Variables ———

Step1: Separate the variables y from X, i.e., by collecting on one side all
terms involving y together with dy, while all terms involving X
together with dXx are put on the other side.

2() % - /(@)

Step 2: Integrate both sides.

[ g0y = [ foets



- Example 2: - = =

Find the solution to the differential equation

x2@=(x+1)(y+1)
dx

given that y=2e when x=1.

Solution

STEP 1:
separate out the variables

xzdy =(x+D(y+1)dx




_Example 2:
Solution
STEP 2: -
Integrate both sides j- X P =
y+ 1

Evaluating - - 1 1 :
the right I dx = j( — ja,x - J‘(_ = jdx
hand side: x? X . =

=lnx ¢ Te
Evaluating

the right I y _|_1
hand side:

=In(y+1)



Solution
STEP 2:

Integrate both sides

Put together:

J‘ 1 5 x-l;ldx
y+1 B

In(y+1)=Inx—x"+c




Solution
Substitute in y = 2e and x =1

De = Aé'

Therefore A=2

)
S X
So the solution is y=12xe



This method is used when the equation is in the form of
linear equation in which the variables cannot be
separated

dy

+ p(x)y = g(x) (Basicform)
dx

where p(x) and g(x) - continuous functions, may or may not be constants
Some other examples

a) —+x‘y=e :>p(x):x2; g(x)=e"
dx
d)’ .3
b) ; +(smx)y+x =0= p(x)=sinx; g(x)=—x
X

C) —+5y=2 = p(x)=5; qg(x)=2



Integrating Factors |
" prrElaling LTS — B

Step 1: Must remember the basic form:

fl—y + Py = g(@)
X

Step 2: Multiply both sides by u gives

d
,U—y +up(x)y = uq(x)
dx

Ip(x)dx

H=e - is called the integrating factor.

Step 3: Integrate both sides of the equation obtained in
(2) and the result obtained is :

w = | ua(x)dx



~ Example 3:
~ Solve the following differential equations :
dy —3x
—+3y=e
dx 2

Compared with the basic form, p(x)=23

[ (o) - ej3dx i

SO uU=e
d = -
°'°_y+3y:€ ! = wy = | uq(x)dx
dx A
ep=lec'e "y
e3xy: dx
3x
ey —x+C
x+C
V= 3x



Application of Differential Equation
Exponential Growth and Decay

In this section, we examine how population growth can be modeled
using differential equations. We start with the basic exponential
growth and decay models.



Basic background ideas from algebra and
calculus

1. A variable yis proportional to a variable xif y = k x, where kis a
constant.
2. Given a function P (), where Pis a function of the time £ the rate of

change of Pwith respect to the time tis given by g =P'(1).
t

3. Afunction P () is increasing over an interval if % =P'(t)=0.
t

A function P (f) is decreasing over an interval ifi % =P'(t)<0.
t

A function P (f) is neither increasing or decreasing over an interval if

dP ,
—=PFP(t)=0.
- (2)
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Exponential Growth and Decay

When a population grows exponentially, it grows at a rate that is
proportional to its size at any time t. Suppose the variable P(t)
(sometimes we use just use P) represents the population at any time t. In

addition, let £, be the initial population at time = 0, thatis, (0) = £,
Then if the population grows exponentially,
(Rate of change of population at time £) = k£ (Current population at time )

In mathematical terms, this can be written as

=
dt



Solving:

— kdt (Separate the variables)

J' % dP = Ikdt (Integrate both sides)

P‘ = kt+C (Applyintegration formulas)

In

e = Raise both sides to exponential function of base e
p
|P| = €"e®  (Useinverse property e =k and law of exponents 6™ = b"b")

Bl = (Use absolute value definition P = +e“e" and replace constant + e© with A4.)



Solving:

The equation P(¢) = 4e™ represents the general solution of the
differential equation. Using the initial condition P(0) = F,, we can find
the particular solution.

F,=P(0)= Ae™ (Substitute £ = 01in the equation and equate to F,)
P, = A(1) (Note that e“? = ¢ =1)
A =F, (Solvefor 4)

Hence, P(t) = P[jeh is the particular solution.



Exampled: = ——

The population of a community is known to increase at a rate
proportional to the number of people present at a time t. If the
population has doubled in 6 years, how long it will take to triple?

Solution :
Let N(t) denote the population at time t. Let N(0) denote the initial
population (population at t=0). AN

N(t)=AeX, where A=N(0)
Aek=N(6) =2N(0) = 2A
ore®*=2 ork= 6In2

Find £ when N(£)=3A=3N(0)

or N(0) e¥=3N(0)



Example 4:

3 é(ln2)t
=e

In 3 = (In2)¢
6
6 In3

In 2

e

~9.6 years (approximately g years 6 months)
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